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T

wo events are exchangeable for an agent when she is indifferent to permutations of their outcomes. Such
events are thus revealed to be equally likely. If they are complementary, the subjective probability associated
with each event should be 1/2 (assuming the additivity of the probability measure). This paper reports the
results of an experiment that elicits probabilities through exchangeable events. The experiment shows that
this method does not suffer from source dependence, i.e., the preference for betting on some events based on
knowledge about the mechanism that generates them. However, it also highlights how additivity might be
violated. This paper deduces the practical implications of these results.
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1.

Introduction

method can be implemented with p or E remaining
constant (see Abbas et al. 2007).
This paper focuses on a choice-based implementation of another particular family of methods that
are based on a bisection process, i.e., the subsequent
partition of the state space into two equally likely
subevents. The intuition behind this method was
introduced by Ramsey (1931) and Fellner (1961). The
method itself is described by Raiffa (1968) using judgments and, alternatively, by Spetzler and Staël von
Holstein (1975) in terms of judgments and choices.
Chesley (1978) and Wright (1988) provided tests of
the judgments-based version and comparisons with
other methods. Abdellaoui et al. (2008) implemented
a choice-based version of this general technique. This
speciﬁc choice-based implementation will be referred
to as the exchangeability method because it is based
on Ramsey (1931) and de Finetti’s (1937) basic idea
of exchangeable events. Two events are exchangeable
for an assessor if she is indifferent to permutations
of their outcomes. Chew and Sagi (2006) formally
derived the existence of probabilistic beliefs from this
concept. Thus, the exchangeability method refers to
the subsequent splitting of the state space into equally

When sufﬁcient data about a potential risk is not
available, decision makers are often required to seek
advice from experts who are asked to assess the probability of the risk. Such assessments may be required
by an insurance company before insuring a new risk
or a ﬁrm before investing in a new technology. This is
why probability elicitation has been extensively studied in decision analysis. Even if subjective probability
assessment may be done through a simple direct judgment, a particular credibility is often assigned to the
probabilities derived from choices. This latter viewpoint is known as the revealed preference approach
and is prevalent in ﬁelds such as economics. Through
choices, agents are supposed to have incentives to tell
the truth. This is why several choice-based methods
have been proposed to elicit beliefs. For instance, the
lottery method consists in ﬁnding a probability p and
an event E such that the expert is indifferent between
a p% chance of winning $x and winning the same
amount if E occurs. The probability that E occurs can
be inferred based on this choice: Assuming Savage’s
(1954) subjective expected utility, it should be p. This
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likely events that are revealed through binary choices
between binary prospects.
In practice, this method consists of several series of
choices. Assume that I want to determine your subjective probabilities concerning the temperature tomorrow (at noon) in Paris. Would you prefer to win $100
if the temperature is higher than 50 F (and nothing
otherwise) or the same amount if the temperature
is lower than 50 F? According to your preference,
I must increase or decrease the common boundary
of the two events (50 F in the example) and ask
you for new preferences up to the point of indifference. Two equally likely events are thus obtained;
further, assuming the existence of an (additive) subjective probability measure, probability of the events
must be 1/2. In a second series of choices, you would
have to bet on the subevents of one of these events
to determine two new equally likely events. Two
equally likely disjoint subevents—the union of which
has probability 1/2—should have probability 1/4.
It is worth noting that the exchangeability method
requires neither reference to the concept of probability nor a direct judgment, but only simple choices
between binary prospects. Moreover, this method is
cognitively easier for the person whose beliefs are
under consideration (an expert or a subject in an
experiment) than a direct matching method, despite
it being more time consuming.
This paper focuses on two main aspects of this
method. First, this method only deals with events
from the same variable. In the above example, I did
not refer to anything other than the temperature in
Paris. With the lottery method, one would have had to
propose two different kinds of events: the unknown
variable under consideration (e.g., the temperature
in Paris) and an external device (e.g., a probability
wheel). In this case, you may have preferred a bet on
an objective probability rather than one on an event
with an unknown probability. This phenomenon was
pointed out by Ellsberg (1961). An experiment will
be designed to show how the exchangeability method
avoids this bias and how the lottery method would
not. Secondly, this method is based on the assumption that beliefs are additive. Indeed, additivity is
needed to infer that indifference between betting on
two complementary events implies that their probability is one half. It is, however, well known that
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violations of additivity may occur in probability elicitation (Tversky and Koehler 1994). This is why the
experiment presented in this paper will also test this
hypothesis. Therefore, this paper will introduce new
insights on this elicitation technique, highlighting one
of its strengths and testing one of its limitations.
In §2, a review of the literature will enable us to
clearly express what needs to be tested. Section 3 will
present the experimental method, whereas the results
will be described in §4. Section 5 discusses some limitations of this work, and §6 concludes the paper.

2.

Review of the Literature
and Predictions

2.1. Source Dependence
Biases (and how they can be avoided) have formed
an important part of the literature on probability elicitation since the 1960s. Raiffa (1968, p. 111) pointed
out the following situation: A subject was asked to
choose between betting on one of two baseball teams
winning a match and betting on the color of a ball
drawn in an urn with 50 orange and 50 blue balls
(outcomes of the different bets being the same). The
subject responded “I would naturally prefer the drawing.    Because with the urn I know the probability
of winning.” Raiffa put forth convincing normative
arguments that this should not be the case. However,
many descriptive studies show that this subject is not
an outlier and that decision makers do not weight
known probabilities and uncertain events equally in
choice (e.g., Einhorn and Hogarth 1985, 1986; Hogarth
and Einhorn 1990).
Furthermore, there do not exist only two cases—
known and unknown probabilities. When probabilities are unknown, very different situations might
occur in terms of knowledge. Betting on the temperature in a city one knows very little about is different
from betting on the temperature in the city one lives
in, even if the exact probabilities are not known in
both cases. This dependency on information implies
the necessity of deﬁning a source of uncertainty, a set
of events that are generated by a common mechanism
of uncertainty.
This concept was developed by Heath and Tversky
(1991), Tversky and Kahneman (1992), Tversky and
Fox (1995), and Tversky and Wakker (1995). For
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instance, football games correspond to events that
belong to a ﬁrst source of uncertainty, whereas basketball games belong to another source. Football fans
would rather bet on a football team than on a basketball team even if they think that both teams have
the same chance of winning, because they have considerable knowledge about the chances of winning
a given football team has, but very little knowledge about basketball teams. Many experimental ﬁndings are consistent with source-dependent attitudes
(Abdellaoui et al. 2008, Dolan and Jones 2004, Fox
and See 2003, Fox and Tversky 1998, Kilka and Weber
2001). Consequently, source dependence, i.e., the impact
of the sources of uncertainty on choice, may generate biases in any elicitation technique that mixes
sources. It is worth noting that the lottery method
implies a direct comparison of events from two different sources (e.g., the temperature and an external “objective” device), whereas the exchangeability
method does not (the introductory example only dealt
with temperature).
Let us express this argument in a more formal manner. Denote SA as a set of possible states that pertain
to a similar mechanism of uncertainty (called A) and
such that one and only one of these states is true.
(E x) is a binary prospect that yields the strictly positive outcome Ex if an event (a subset of SA ) E ⊂ SA
occurs, and nothing otherwise. When the probability of E is known and equal to p, such a prospect
will be denoted as (p x). Assuming u 0 = 0, a binary
prospect (E x) is represented by P E u x if subjective
expected utility holds (Savage 1954). Source dependence is typically modeled through a source (dependent weighting) function, i.e., an increasing function wA
from 0 1 to 0 1 that need not be additive and such
that E x → wA P E u x .
The exchangeability method only refers to events
from the same source. If two events E and F
are revealed to be exchangeable, this implies that
wA P E = wA P F , and thus P E = P F . The
lottery method needs to refer to two sources of
uncertainty, one of these being a source with objective
probabilities. Assume that E pertains to source A, and
let R represent the source with objective probabilities.
E x ∼ p x does not imply P E = p but wA P E =
wR p . Several studies support models with source
functions (see the list above). Therefore, they suggest
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that the exchangeability technique is more robust than
the lottery method.
Prediction 1 (Source Dependence). The exchangeability method is not biased by source dependence, whereas
the lottery method is.
2.2. Additivity of the Probability Measure
Probability judgments may be subadditive (e.g.,
Tversky and Fox 1995) even if they are enunciated by
experts (Fox et al. 1996, Redelmeier et al. 1995), and
can even violate set inclusion (Fischhoff et al. 1978,
Tversky and Kahneman 1983). Binary additivity—
the probabilities of two complementary events summing to one—is sometimes satisﬁed (e.g., Wallsten
et al. 1993) or only weakly violated (e.g., Ariely et al.
2000). However, additivity remains a matter of concern in probability elicitation. Tversky and Koehler
(1994) suggested that the subadditivity of subjective
probabilities arises from the description of each event,
and they proposed their support theory in which subjective probabilities are modeled as a ratio of supports
in favor of and against an event. They assume that
the support of an implicit disjunction is always lower
than that of an explicit disjunction. They present the
following example: “Ann majors in a natural science” is an implicit disjunction, whereas “Ann majors
in either a biological or a physical science” is an
explicit one. An explicit disjunction might inﬂuence
judgments because it provides greater intuition and
insights as to when the event can occur than does
the implicit disjunction. This type of phenomenon
may also appear with choices. A similar phenomenon
is indeed observed in the evaluation of uncertain
prospects (Johnson et al. 1993).
In the same vein, Starmer and Sugden (1993) and
Humphrey (1995) demonstrated the so-called eventsplitting effect ESE , i.e., the fact that two incompatible events appear more attractive to bet on than their
union. The ESE can be explained by support theory
because splitting an event can be viewed as giving an
explicit disjunction of this event. The abovementioned
studies highlighted this effect using lottery tickets on
which a number is written and a table displaying
payoffs as a function of the randomly drawn number. Hence, the ESE cannot really imply that decomposing an event helps subjects understand when the
event might occur. Rather, it suggests that violations
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of additivity (of the probability measure) are strongly
embedded in decisions. If subjective probabilities are
not robust to the ESE, additivity will be violated. As
a consequence, using additivity to derive subjective
probabilities from choices might constitute a strong
assumption on the exchangeability method and the
ESE can challenge it.
Assume that SA is an interval of the real line that
is split into four equally likely intervals E, F , G, and
H such that any element of E (F , G, respectively) is
lower than any element of F (G, H , respectively). E ∪F
and G ∪ H can be represented as convex intervals, and
they should be revealed to be equally likely. However, E ∪ H must be written as a nonconvex union of
two intervals, whereas F ∪ G can be written as a single convex interval. The nonconvex union of intervals
may be viewed as an explicit disjunction, whereas the
convex union is likely to be viewed as an implicit
disjunction. Hence, it is quite likely that the ESE will
occur: F ∪ G will appear less attractive to bet on than
E ∪ H.
Prediction 2 (Additivity). Through the ESE, the
nonadditivity of beliefs may generate inconsistencies in
probability measurements based on the exchangeability
method.

3.

Experimental Design

3.1. Subjects
Fifty-two subjects (25 females and 27 males) participated in the experiment conducted during March–
May 2005. All the participants were students of
economics and management (27 subjects) or the social
sciences (25 subjects) at Ecole Normale Supérieure de
Cachan, France. They were recruited through posters
and presentations at the beginning of their courses.
None of them were aware of the true goal of the
experiment. They were only told that the experimenter wanted to collect their choices in an uncertain framework. The computer-based experiment was
conducted through individual interviews, using software speciﬁcally developed for the experiment. Each
participant was seated in front of a screen in the presence of the experimenter, who entered the participant’s statement into the computer and submitted it
after obtaining a clear conﬁrmation.

Figure 1
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3.2. Elicitation Technique
First, two complementary events A12 and A22 from SA —
a source of uncertainty—are determined such that for
some x, A12 x ∼ A22 x . From this twofold partition of S, a fourfold one can be generated by splitting each of these two events into two equally likely
subevents, i.e., by ﬁnding A14 , A24 , A34 , and A44 satisfying A14 ∩ A24 = , A34 ∩ A44 = , A14 x ∼ A24 x ,
and A34 x ∼ A44 x . An eightfold partition of SA
can be done by splitting A14 , A24 , A34 , and A44 in the
same manner. For a given j, the set of the Aij s is an
exchangeable partition of the state space, i.e., a partition
into j exchangeable events. The subjective probability
distribution over SA can be inferred in this manner.
Indeed, the events of an n-fold exchangeable partition
have the same subjective probability, 1/n. Figure 1
describes the process and the notations.
Let us explain the intuition underlying the notation Aij . The lower index j indicates in how many
exchangeable events the state space is split. The upper
index i is the number of the speciﬁc event, read from
and
left to right. Each Aij is then divided into A2i−1
2j
.
The
ratio
i/j
yields
the
cumulative
probability
of
A2i
2j
the right-hand boundary, which is called ai/j . Therefore, Aij = a i−1 /j ai/j , with the exception of A1j =
j
− a1/j  and Aj = a i−1 /j + .
3.3. Implementation
Three sources of uncertainty are used: the temperature in Paris (this source will be referred to as ST ,
and the corresponding events as Tji = t i−1 /j ti/j  , the
euro/dollar exchange rate expressed as the amount in
dollars for one euro (with events Eji = e i−1 /j ei/j  ⊂
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SE , and the daily variation of the French stock index
CAC 40 (with Cji = c i−1 /j Ci/j  ⊂ SC ). Note that the
generic notations SA and Aij are reserved for general comments. For each source, uncertainty resolution occurs exactly four weeks after the experiment.
The experiment begins with a 15-minute preparatory task (presentation of the sources, calibration, and
training). For each variable, calibration involves asking the subjects for b0 and b1 such that they think that
there is “almost no chance” that the value of the variable will lie outside the interval b0 , b1 . The result of
the calibration task has strictly no impact on the state
space, which remains1 (− , + ), but it is necessary
for graphical reasons and to avoid the participant’s
belief being inﬂuenced. Indeed, b0 , b1  is the part of
the state space that is displayed as a graduated ruler
on the screen. After this preparatory task, the main
part of the experiment begins; this part has no time
limit and lasts 50 minutes on the average.
First, t1/2 is determined in order to obtain T12 and T22 .
The ﬁrst question is based on the b0 and b1 that
are previously determined for this particular source,
and the subject is offered to bet either on − , b0 +
b1 − b0 /2 or on (b0 + b1 − b0 /2, + ). Then, the
determination of indifferences is conducted through
a bisection process until a precision of 0.5 C, $0.01,
and 0.1% (for the temperature, exchange rate, and
stock index, respectively) is reached. An example and
the explanation of the algorithm can be found in
the appendix. After this ﬁrst step, the other ai/j s are
elicited, switching between sources and probability
levels, until an eightfold partition is obtained for the
three sources (the entire list of questions is presented
in the appendix). To introduce diversity, the high
consequence x of each prospect is randomly drawn
between E130, E140, and E150 (but the low consequence is always E0).2
On the screen (see Figure 2), the position of bets on
the right-hand and the left-hand events is randomly
mixed across questions.
1
In this experiment, the real minima are certainly not − but
−273.15 C, 0 $, and −100% for the temperature in Paris, the euro/
dollar, and CAC 40, respectively.
2

In March–May 2005, the exchange rate was about E1 = $130
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Figure 2

Screenshot of a Choice Related to the Elicitation of t1/4
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Temperature in Paris on May 22nd, 2005, at 4 p.m.
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3.4. Consistency
The ﬁrst test of consistency is conducted by repeating the fourth choice that was made during the
bisection process of t1/2 , t1/4 , t3/4 , e1/2 , e1/4 , e3/4 , c1/2 ,
c1/4 , and c3/4 and by computing the rate of identical answers across questions. Then, a second method
of testing the consistency of the elicited probabilities
involves checking whether some qualitative predictions are satisﬁed: Assume that a ∈ A68 = a5/8 a3/4 ,
that is, 5/8 < P − a  ≤ 3/4; further, assume that
(− a ] is exchangeable with a a . Hence, 5/16 <
P − a  ≤ 3/8 and a should be in A38 = a1/4 a3/8 
and is likely to be closer to a3/8 than to a1/4 . Unlike
the previous test, which only consists in repeating one
choice for each of the nine cases (t1/2    c3/4 ), this
test is implemented by determining a new indifference through the same bisection process as the one
that estimates the main boundaries.
3.5. Testing Prediction 1 (Source Dependence)
Prediction 1 is tested through preferences across
sources, i.e., an event from one source can be strictly
preferred to an equally likely event from another
source. The participants are thus asked for their preferences between bets, either on an event with a
known probability p = 1/4 or on T41 , E41 , or C41 ; i.e.,
they have to rank p 140 , T41 140 , E41 140 , and
C41 140) in the order of preference. This question is
replicated with p = 1/2, T21 , E21 , and C21 , and then with
p = 7/8, ST − T88 , SE − E88 , and SC − C88 . It is noteworthy
that if there is no strict preference between sources,
the lottery method will be equivalent to the exchangeability method. Indeed, this test can be viewed as a
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means to verify whether an event with probability p
according to the exchangeability method would have
the same probability according to the lottery method.
If this is not the case, numerous studies suggest that
the difference arises from source dependence, implying that the lottery method is biased.
3.6. Testing Prediction 2 (Additivity)
The test of Prediction 2 concerns whether T41 ∪ T44 and
T42 ∪ T43 are exchangeable. This test compares a convex event (T42 ∪ T43 ) with a nonconvex one (T41 ∪ T44 ),
which is a weak point of the exchangeability method
according to the ESE. Indeed, the ﬁrst event will be
represented on the ruler as a unique interval and will
therefore be an implicit disjunction, whereas the second event will correspond to an explicit disjunction
with two subintervals of the ruler. Prediction 2 says
that T41 ∪ T44 should be preferred. This test will be
implemented by eliciting two exchangeable events,



+
and t1/4 , t3/4
. Then, t3/4
should
− t1/4  ∪ t3/4
be compared with the original value t3/4 . If they
differ, two probability measurements with the same
method will imply two different results. Similar tests
are implemented with the euro/dollar exchange rate
and with CAC 40.
3.7. Real Incentives
There is no ﬂat payment in this experiment. During the presentation, the participants are told that
some questions will be played for real. First, a subject
will be randomly selected, and then, one of his/her
answers (except those for the ranking between bets on
the different sources) will be played for real. The same
process will then be applied to another subject. The
subjects are told that at most one question per subject
will be drawn and that the process will stop as soon
as four subjects have won. This implies that at most
E600 would be distributed to the subjects. Four weeks
after each experiment, the values taken by the variables are recorded. After the last record is made, the
payments are determined.3
It could be argued that even if real incentives are
implemented, the process may not be incentive compatible owing to the chaining between the questions
In June 2005, participants 6 and 17 received E140 and participants
25 and 49 received E150.

3
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and the use of a bisection process (Harrison 1986).
However, there exist several strong arguments suggesting that these problems do not appear. First, the
randomization of questions between the sources of
uncertainty makes the chaining unclear. Second, in
our experiment, there exists no simple alternative
strategy that clearly dominates telling the truth, even
for a participant that is completely acquainted with
the elicitation process. Moreover, telling the truth
is the simplest strategy for subjects who decide to
maximize their gains and minimize the cognitive
cost that the experiment entails. Eventually, repeated
choices, which are not chained with subsequent questions, prove the consistency of the data (see the next
subsection).

4.

Results

4.1. Subjective Probabilities and Consistency
In the experiment, 156 probability distributions are
elicited. Because each distribution concerns a particular day, mean or median results are irrelevant. To
present an idea of the result obtained, Figure 3 displays the probability distributions of four subjects
(data are in the appendix), who had to bet on the
values taken by the variables on May 3rd (each at a
different time).
First, the consistency of the method needs to be
checked. Some binary choices are therefore repeated
at the end of the experiment. For 70.51% of the
repeated questions, the preferred bet is identical to the
ﬁrst one. These questions concern the three sources
and the determination of a1/2 , a1/4 , and a3/4 . According
to Cochran tests, the consistency is not signiﬁcantly
different across question types a1/2 , a1/4 , or a3/4 (22 =
216, p = 034) nor across sources ( = 053, p = 077).
To further analyze consistency, the rate of identical
second preferences should be related to the distance
from indifference: When participants are indifferent
between two bets, they are supposed to randomly
choose the events they bet on. Thus, if the repeated
questions only concern these indifferent bets, the consistency rate will be close to 50%. This is why the
distance from the indifference is measured as the
absolute value of the difference between the common boundary of the two events on which the participant can bet and the previously obtained value
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Subjective Probability Distributions Obtained for May 3rd
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Subject 25, 12 noon

t1/2    c3/4 . Figure 4 displays the proportion of consistent second choices; the abscises represent the distance from indifference. Because any departure from
indifference dramatically increases the rate of identical second answers, our results strongly suggest that
the exchangeability method is able to catch true indifferences and, therefore, subjective probabilities.
The second way to evaluate the exchangeability
method involves predicting the qualitative features of
beliefs and then testing for consistency of the agent’s
behavior with respect to these predictions. Recall that
a ∈ A68 = a5/8 a3/4  was ﬁrst chosen arbitrarily, implying that 5/8 < P − a  ≤ 3/4; then, we determine
a a such that − a  is exchangeable with a a .
Eventually, a should be in A38 = a1/4 a3/8  and should
be closer to a3/8 than to a1/4 . Three predictions follow:
Figure 4

1.40
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0
–6

–4
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0

2

4

6

CAC 40 (%)

Subject 26, 15 p.m.

Subject 27, 17 p.m.

a1/4 < a , a < a3/8 , and a3/8 − a  < a − a1/4 . Table 1
displays the statistics.
Most of the predictions are veriﬁed. a is indeed
higher than a1/4 for all sources, and lower than a3/8
for the exchange rate and the stock index. Furthermore, it is closer to a3/8 than to a1/4 for the temperature
(and CAC 40 at the signiﬁcance level of 10%). The
low identity coefﬁcient and the high p-values of the
exchange rate indicate that the answers are noisier or
less consistent for this speciﬁc variable. As a conclusion of this test, the participants’ behavior does not
appear inconsistent with respect to the elicited probability distribution.
4.2. Prediction 1: Source Dependence
The interest of this method (and the nonrobustness
of the lottery method) is grounded on the preference

Proportion of Consistent Second Answers with Respect to the Distance From Indifference
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Table 1

Consistency Tests

Table 2
Temperature
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H1 : a1/4 < a

Euro/dollar

CAC 40

1/4

1/2

7/8

Risk
Median rank
Mean rank

3
312

2
212

1
154

Temperature
Median rank
Mean rank
p-value (Wilcoxon)
Ambiguity attitude

2
235
000
AS

3
292
000
AA

3
304
000
AA

Euro/dollar
Median rank
Mean rank
p-value (Wilcoxon)
Ambiguity attitude

2
235
000
AS

2
229
034
AN

3
262
000
AA

CAC 40
Median rank
Mean rank
p-value (Wilcoxon)
Ambiguity attitude

2
206
000
AS

2
238
012
AN

3
279
000
AA



Mean of a1/4
Mean of a
Identity coefﬁcient∗
p-values (paired t-test)
N
H1 : a < a3/8

178  C
186  C
090
000
52

126 $
127 $
094
000
52

−025%
−012%
070
000
52

Mean of a
Mean of a3/8
Identity coefﬁcient∗
p-values (paired t-test)
N
H1 : a3/8 − a  < a − a1/4 

186  C
186  C
094
048
52

127 $
128 $
094
001
52

−012%
−002%
080
000
52

08  C
11  C
081
000
52

002 $
002 $
024
043
52

019%
023%
038
009
52

Mean of a3/8 − a 
Mean of a − a1/4 
Identity Coefﬁcient∗
p-values (paired t-test)
N
∗

Comparison Between Each Source and the
Known Probabilities

Zegers’ (1986) chance-corrected identity coefﬁcient.

for betting on a given event instead of another even
if their occurrence is equally likely. A test that aims
to compare events having the same subjective probability is implemented in this section. This test is built
on four bets, one on an event from each of the three
sources, and one with an explicit probability of winning. Each bet displays the same (subjective) probability distribution over outcomes and the participants
are asked to rank them. A Friedman test on ranks
shows the signiﬁcantly different ranks between the
three sources and the known probability source for
each of the three probabilities under consideration
(p = 002 at probability 1/2, p = 000 at probabilities
1/4 and 7/8). Removing the known probabilities from
the analysis, the subjects are still signiﬁcantly inﬂuenced by the source at probability 1/2 (p = 004), but
not at the other probabilities.
Table 2 displays the results of a signed rank test
(Wilcoxon test) that compares the rank of each source
with that of the known probability source at the three
probability levels under consideration. Assuming that
the three sources are more ambiguous than the source
with objective probability, such a comparison highlights the ambiguity attitude. If a subject bets on an
ambiguous event rather than on a known probability,
he/she is ambiguity seeking (AS). The opposite preference is characteristic of ambiguity aversion (AA).

Indifference between these bets suggests ambiguity
neutrality (AN). Our results clearly show that AA
increases with probability, which is consistent with
the previous literature on ambiguity (e.g., Hogarth
and Einhorn 1990).
These results conﬁrm that the lottery method
would not be equivalent to the exchangeability
method because of source dependence. For instance,
if an event has a probability of 7/8 according to
the exchangeability method, the lottery method will
induce a lower probability, only because the subjects
prefer known probabilities. This clearly constitutes a
strong advantage of the exchangeability method over
the lottery method.
4.3. Prediction 2: The Event-Splitting Effect
Let us challenge our method with a weakness of subjective probability elicitation, namely, the nonadditivity of beliefs and sensitivity to the description of the
events. The test deals with two events, one being a
convex union of disjoint exchangeable subevents, and
the other a nonconvex union of such events. Does
the ESE occur and induce a violation of exchangeability? For each source, two events − a1/4 ∪ a3/4 +
and a1/4 a1/2  ∪ a1/2 a3/4  = a1/4 a3/4  are elicited
such that they are revealed to be equally likely. Then,
a3/4 and the original value a3/4 are compared. Table 3
displays the results.
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Table 3

Exchangeability vs. ESE
Temperature
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H1 : a


3/4

CAC 40

= a3/4

Mean of a3/4
Mean of a3/4
Identity coefﬁcient∗
p-values (paired t-test)
N
∗

Euro/dollar

211 C
208  C
092
012
50

135 $
133 $
088
002
46

055%
050%
057
052
42

Zegers’ (1986) chance-corrected identity coefﬁcient.

Let us ﬁrst explain why there are fewer than
52 observations. A few participants change their
minds during the experiment, especially when they
do not have sufﬁcient knowledge about the source.
Those who think they have overestimated a1/4 (such
that P − a1/4  ≥ 1/2 clearly always preferred
− a1/4 ∪ a3/4 + even when a3/4 tends to inﬁnity.
This is the case when the new belief coincides with
a subjective probability of − a1/4  that is higher
than 1/2. Whereas this problem appears once for
the temperature in Paris, it appears ﬁve times for
the stock index, which with the subjects were less
familiar. To compensate for the bias generated by the
absence of these observations, the same number of
participants exhibiting the opposite behavior (i.e., participants who think they have underestimated a1/4 )
are eliminated. This is why 10 subjects are missing for
the stock index.
Note that a3/4 − a3/4 > 0 indicates that A14 ∪ A44 is preferred to A24 ∪ A34 and, consequently, that the nonconvex events appears more attractive. This corresponds
to the ESE, and it acquires signiﬁcance only for the
exchange rate. One can conclude that even with the
exchangeability method, belief can be manipulated
through the description of the events: An explicit disjunction may appear to have more support than an
implicit one. However, the original elicitation process
does not suffer from such limitation because it entails
comparing similar convex events.

5.

Discussion

5.1. Scoring Rules
One could argue that there are more elicitation techniques available apart from the lottery method or
bisection-based techniques. For instance, scoring rules

are often applied in practice. According to Winkler
(1969, p. 1073), a scoring rule is “a payoff function
which depends on the assessor’s stated probabilities
and on the event which actually occurs.” It is used
“to keep the assessor honest” and “to evaluate assessors and to help them to become ‘better’ assessors.”
The assessors have to choose between the prospects
generated by the payoff function, and they have
to report the probability that yields their preferred
prospect.
However, scoring rules are deﬁned such that an
expected value maximizer has incentive to tell the
truth, but an expected utility maximizer will report
higher (lower) probabilities than what (s)he thinks
when the real probability is strictly lower (higher)
than 1/2 (Murphy and Winkler 1970, Kadane and
Winkler 1988). The methods under consideration in
this paper do not suffer from such a limitation.
There exist some attempts to correct scoring rules
(e.g., Offerman et al. 2007), but the results of these
experiments are equivalent to those obtained using
the lottery method (assuming the model introduced
in §2.1).
5.2. Measuring the Impact of Source Dependence
The results of the experiment are in favor of the
exchangeability method because it is not inﬂuenced
by the sources of uncertainty. However, even if the
lottery method is biased, one could argue that the
extent of this bias should be studied. Assuming that
subjective probabilities are additive, a simple technique to observe the bias of the lottery method would
be to sum the probabilities of an n-fold partition of
the state space. The more this sum differs from one,
the more biased are the elicited probabilities. Nevertheless, Prediction 2 highlights the limitations of such
reasoning. Nonadditivity may be intrinsic in subjective probability and might therefore not be a good
tool with which to discriminate between biases and
beliefs.
Budescu et al. (2008) argue that in most cases,
source dependence is compensated for by the tendency of reporting probabilities that are multiples of
0.05 or 0.10. In this case, this precision (or rather,
imprecision) is sufﬁcient for the source bias to be
nonsigniﬁcant. In other words, the lottery method
may suffer from even stronger biases (the tendency of
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reporting only multiples of 0.05 or 0.10) than source
dependence.
5.3. Additivity
A major argument can be put forward in favor of
additive beliefs:
“Objective rules of coherence (the axioms and theorems of probability theory) must be strictly obeyed
in any subjective probability evaluation. Coherence is
necessary to prevent substantial contradictions, such as
the possibility of incurring sure losses as a result of an
action” (de Finetti 1974, p. 2).

During the elicitation process, the exchangeability
method enforces a built-in additivity that may be useful to prevent actions possibly based on this evaluation from violating rationality rules.
However, the ESE and nonadditivity can pose a
problem; this was conﬁrmed by the experiment. The
exchangeability method ensures additivity so long
as only simple, convex events will be compared.
A practical implication follows. The implementation
of the exchangeability method should not compare
any implicit disjunction with any explicit one. In the
elicitation process proposed in the ﬁrst part of the
experiment (before testing the predictions), no such
comparisons were used. Moreover, further research is
required to verify whether other effects related to support theory or, more generally, to belief nonadditivity, may generate biases in probability measurement
through the exchangeability method.
5.4. State-Dependent Preferences
The ﬁrst limitation of most choice-based elicitation
techniques is that they assume Savage’s (1954) separation between utilities and consequences. Thus, they
are ineffective when utilities are state dependent, i.e.,
when the agent associates an intrinsic utility to the
states of the world. For instance, even if you think that
the probability of raining tomorrow is one half, you
may not be indifferent between winning an umbrella
if it rains and winning one if it does not rain. This
issue also occurs when the agent has “stakes” in an
event. Assume that an ice cream seller must choose
between winning $1,000 if the temperature is higher
than 20 C and the same amount if the temperature is lower than 20 C. He might prefer the second gamble—not because he thinks the event is more
likely, but because he wants to cover a potential loss.
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Kadane and Winkler (1988) discussed the relevance
of what they term the “no-stakes condition,” which is
necessary to prevent biases in any choice-based technique. They pointed out various situations in which
it cannot hold. In the experiment presented in this
paper, subjects might have had stakes in the event:
for instance, if they have a stock portfolio. However, unless they were managing their (large) portfolio
every day, it is quite unlikely that the consequences
implied by a daily variation in the stock index were
signiﬁcant with respect to what they could earn in the
experiment (approximately E140).
Dreze (1988) and Karni (2008) suggested a solution
for eliciting subjective probabilities even with statedependent preferences. They theoretically proved the
existence of a unique subjective probability measure
as soon as there is moral hazard, i.e., as soon as the
person whose beliefs are under consideration can act
in a manner that will impact the events’ likelihood.
Nonetheless, a practical implementation of this result
is yet to be developed.

6.

Conclusion

This paper dealt with the exchangeability method,
i.e., the choice-based implementation of the general
elicitation technique entailing splitting a state space
into equally likely events. It demonstrated how this
technique may beneﬁt from the absence of an external device like objective probabilities. By avoiding
a comparison with a situation with more information, the exchangeability method is more robust than,
for instance, the lottery method. However, it needs
to assume the additivity of the probability measure
although violations of this property can be found. As
a conclusion, the exchangeability method is preferable
to the lottery method if source dependence is strong;
however, the implementation should preclude any
comparison between explicit and implicit disjunctions.
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A.1. Algorithm
Table A.1 presents an example of the implementation of the
exchangeability method for the temperature in Paris and
Participant 24 (see Figure 3 for the entire elicited probability
distribution).
According to Subject 24, it was very unlikely that the
temperature in Paris on May 3rd would be outside the
interval [5 C, 25 C]. This is why the ﬁrst choice is based
on the midpoint 15 C. Because option A was preferred
(that is, a lower temperature is more likely), the second
question concerns the midpoint between 5 C and 15 C. The
precision used to determine the midpoints was 0.5 C. It
can be observed that the last two questions of the ﬁrst
part of the table suggest that t1/2 lies between 13.5 C and
14 C. The maximum (14 C) was selected. In the second
part of the table, (− 14 C] is split into two exchangeable subevents. The same precision and the same rules
were used, yielding t1/4 = 125 C. The precision for the
exchange rate and the stock index were $0.01 and 0.1%,
respectively.

Searched
boundary

Choices of Subject 24 for the Elicitation of a1/2 and a1/4
Option A

Option B

Choice

t1/2

(t ≤ 15 C, E140)
(t ≤ 10 C, E140)
(t ≤ 125 C, E130)
(t ≤ 14 C, E140)
(t ≤ 135 C, E150)

(t > 15 C, E140)
(t > 10 C, E140)
(t > 125 C, E130)
(t > 14 C, E140)
(t > 135 C, E150)

A
B
B
A
B

t1/4

(t ≤ 95 C, E150)
(t ≤ 12 C, E140)
(t ≤ 13 C, E150)
(t ≤ 125 C, E130)

(9.5  C < t ≤ 14 C, E150)
(12  C < t ≤ 14 C, E140)
(13  C < t ≤ 14 C, E150)
(12.5  C < t ≤ 14 C, E130)

B
B
A
A

Table A.2

Table A.3





Order of Elicitations

Temperature in Paris
Exchange rate
Stock index CAC 40

a1/2

a1/4

a3/4

a1/8

a3/8

a5/8

a7/8

a

a3/4

1
2
3

4
8
6

7
5
9

10
14
18

16
20
12

19
11
15

13
17
21

22
26
24

25
23
27

Elicited Points for the Graphs of Figure 3
b0

a1/8

a1/4

a3/8

a1/2

a5/8

a3/4

a7/8

b1

125
225
165
235

13
23
17
24

14
235
18
245

145
24
185
25

16
245
19
25

175
255
20
255

25
30
30
35



Temperature in Paris ( C)
Subject 24
Subject 25
Subject 26
Subject 27

Appendix

Table A.1

A.3. Data for Figure 3 (Table A.3)

5
15
10
10

11
215
155
23

Exchange rate ($)
Subject 24
Subject 25
Subject 26
Subject 27

125
100
100
090

131
128
124
130

133
133
127
131

134
135
129
132

135
138
131
132

137
139
135
133

138
139
141
133

140
141
144
134

150
150
170
150

0
06
0
07

01
07
01
08

01
08
02
08

03
1
04
09

25
5
25
6

Stock index (CAC 40) (%)
Subject 24
−3
Subject 25
−5
Subject 26 −25
Subject 27
−3

−06
−05
−03
−06

−01
04
−01
−05

0
05
0
−01

A.2. Elicitation Order
Table A.2 presents the order of the elicitation: The ﬁrst
elicited point is t1/2 , followed by e1/2 , c1/2 , t1/4 , e3/4   
After this, the consistency test comprising nine repeated
binary choices was applied. Eventually, the preferences
(see §3.5.) across sources were elicited.
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